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@ Many higher order differential equations which get applied are linear
equations with constant coefficients.

@ For example, harmonic motion is described by the differential equation

X"+ 2rd + w?x = F(t)
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Differential equations in physics

Many higher order differential equations which get applied are linear
equations with constant coefficients.

For example, harmonic motion is described by the differential equation

X" 42 + w?x = F(t)

But not all.
o Let's talk about the Legendre equation

(1—x2)y" —2xy' + k(k+1)y =0 (k € R)

which has many applications in physics and engineering.
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A first look at the Legendre equation

7 2xy’ k(k + 1)y
T 1-x2 1—x2
This equation has singular points at x = +1
(because 1 — x? = 0 when x = 41). We can
use the Taylor series for ﬁ to get Taylor
series for the coefficient functions, both with

N radius of convergence = 1:
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A first look at the Legendre equation
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2xy"  k(k+1)y
1—x2 1—x2
This equation has singular points at x = +1
(because 1 — x? = 0 when x = +1). We can
use the Taylor series for ;= to get Taylor
series for the coefficient functlons both with
radius of convergence = 1:
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So let's try to find a solution centered at 0,
valid for the interval (—1,1).
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xA)y" —2xy’ + k(k +1)y =0
Guess the solution is given by a power series:

oo
n=0
0o

y = Z(n + 1apt1x”
n=0

e}

n=0
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(-

xA)y" —2xy’ + k(k +1)y =0
Guess the solution is given by a power series:

oo
n=0
0o

y = Z(n + 1apt1x”
n=0

e}

n=0
Let's plug these in.
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Solving Legendre

(1—x2)y" —2xy’ + k(k+1)y =0

Guess the solution is given by a power series:

(o)
= E anx"

k(k +1)y Zk (k +1)a,x"

n—=
00 —2xy’ = Z —2na,x"

y = Z(n + 1)ap+1x” =0
n=0 o)
~ y" = Z(n +2)(n+ 1)aptox"

" n

y' = Z(n+2)(n+1)an+2x =0

n=0 2.1 -
—x“y" = —n(n—1)apx"
Let’s plug these in. n;o ( Jar
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(1—x2)y"” —2xy' + k(k + 1)y =0
(o)
k(k+1)y =Y k(k+1)anx"
n=0

o0
_2xy/ = Z —2na,x"

n=0

oo

o]

Y= (n+2)(n+1)apiax"
n=0
_x2y// = Z —n(n = 1)apx"

n=0
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Solving Legendre

(1—x2)y" —2xy' + k(k+1)y =0

00 Put these together, to get the coefficients are:
k(k+1)y = Z k(k 4 1)apx” @ (constant)
o 2a) + k(k+1)ag =0
—2xy' = Z —2napx" o (x term)
n=0
€3 6az+ (—2+ k(k+1))ar =0
y' =Y (n+2)(n+1)ansox"
n=0 o (x" term)
2.1 S n
—x%y" =" —n(n - 1)ax (n+1)(n+2)ani2 + (—n(n+1) + k(k +1))a, = 0
n=0
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(1—x2)y" —2xy' + k(k+1)y =0
Recurrence relations for the terms:

2ap + k(k+1)ap =0
6as + (—2+ k(k+1))ay =0
(n+1)(n+2)ap2+ (—n(n+1)+ k(k+1))a,=0
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Solving Legendre

(1—x2)y" —2xy' + k(k+1)y =0

Recurrence relations for the terms:
2a) + k(k+1)ap =0
6as + (—2+ k(k+1))ap =0
(n+1)(n+2)apyo + (—n(n+1) + k(k+1))a, =0

This is a start, but we can solve for even terms just in
terms of ag and odd terms just in terms of a;.

k(k+1
32:_(2_'_)30

66— k(k+1)
L

(k —2)(k +3)
T 3.4 °
k(k + 1)(k — 2)(k +3)

== 4] ao

2
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Solving Legendre

(1—x2)y" —2xy' + k(k+1)y =0

Recurrence relations for the terms:

k(k +1)
o= ——a0
2a) + k(k+1)ap =0 2
6— k(k+1)
6as + (—2+ k(k+1))ap =0 # =g
(n+1)(n+2)apyo + (—n(n+1) + k(k+1))a, =0 (k —2)(k +3)
=3
. L 3.4
This is a start, but we can s.olve_ for even terms just in k(k + 1)(k — 2)(k +3)
terms of ag and odd terms just in terms of a;. = 2 aog

In general:

o k(k+1)(k—2)(k+3)(k—4)(k+5)---(k+2n—1)
(2n)!

ax, = (—1) ao
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Solving Legendre

(1—x2)y" —2xy’ + k(k+1)y =0
A similar idea gives the odd-indexed coefficients, but I'll skip the details:

k(K +1)(k —2)(k +3)(k —4)(k +5)--- (k +2n—1)

220 = (=1) (2n)! %0
=E,
_q o (k—1)(k+2)(k—3)(k+4)(k—5)(k+6)---(k+2n)
ant+1 = (_ ) (2/‘1 T 1)| ai
=02n41
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Solving Legendre

(1—x2)y" —2xy’ + k(k+1)y =0
A similar idea gives the odd-indexed coefficients, but I'll skip the details:

k(K +1)(k —2)(k +3)(k —4)(k +5)--- (k +2n—1)

220 = (=1) (2n)! %0
=E,
_q o (k—1)(k+2)(k—3)(k+4)(k—5)(k+6)---(k+2n)
ant+1 = (_ ) (2/‘1 T 1)| ai
=02n41

So the general solution, valid in the interval (—1,1), is:

y = ap€(x) + a10(x) = ag Z E,x" + a; Z Opx"
n even n odd
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(2n)!

L (k=1)(k+2)---(k +2n)

(1—x2)y” —2xy' + k(k + 1)y =0
The coefficients:
L k(k+1)---(k+2n—1
Exp = (-1) ( - |
O2n+1 — (_1)

o
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The role of k

(1—x2)y" —2xy' + k(k+1)y =0

The coefficients:

Ck(k+1)--(k+2n—1)

== (2n)!
Osni1 = (—1)" (k — 1)(k(2‘|;72+) 1)|(k + 2n)

If k is a nonnegative even number or negative
odd number, then E;, = 0 for large enough n.
So the even solution £(x) only has finitely
many terms. l.e. it is a polynomial.
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The role of k

(1—x2)y" —2xy' + k(k+1)y =0
The coefficients:

k(k+1)--(k+2n—1)

Eyp = (—1)" (2n)] Similarly, if k is a positive odd number or
' negative even number, then Oy,11 = 0 for
Ooni1 = (—1)" {bs = L 2 e (i 20 large enough n. So the odd solution O(x) is a
(2n +1)! polynomial.

If k is a nonnegative even number or negative
odd number, then E;, = 0 for large enough n.
So the even solution £(x) only has finitely
many terms. l.e. it is a polynomial.
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The role of k

(1—x2)y" —2xy' + k(k+1)y =0
The coefficients:

k(k+1)--(k+2n—1)

Eyp = (—1)" (2n)] Similarly, if k is a positive odd number or
' negative even number, then Oy,11 = 0 for
Ooni1 = (—1)" {bs = L 2 e (i 20 large enough n. So the odd solution O(x) is a
(2n +1)! polynomial.

If k is a nonnegative even number or negative If k is not an integer, both solutions are given
odd number, then E;, = 0 for large enough n. by power series with infinitely many terms.
So the even solution £(x) only has finitely

many terms. l.e. it is a polynomial.

K Williams (U. Hawai'i @ Manoa) Math 302: The Legendre Differential Equation Spring 2021 8 /10



(1-

x2)y" —2xy' + k(k+ 1)y =0
For integers k > 0 we call the polynomial solutions
ap€(x) or a10(x) to the Legendre equation the
Legendre polynomials.
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(1—x2)y" —2xy' + k(k+1)y =0

For integers k > 0 we call the polynomial solutions

ap€(x) or a10(x) to the Legendre equation the
Legendre polynomials.

Detail: we need to pick a value for the constant ag or
a1. We pick it to be

(2k)!

2K(k1)2’



Legendre polynomials

(1—x2)y" —2xy' + k(k+1)y =0

For integers k > 0 we call the polynomial solutions
ap€(x) or a10(x) to the Legendre equation the po(x)
Legendre polynomials. pi(x) =

pa(x) = f(3x2 -1)

= X

Detail: we need to pick a value for the constant ag or

a;. We pick it to be 2
1
(2k)! p3(x) = 5(5x° = 3x)
k(N2 1
25(k1) palx) = 5(35x* — 30x% + 3)
Here's the first few Legendre polynomials. ps(x) = é(63x5 — 70x3 + 15x)
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@ pi(x) has precisely k many roots
in the interval [—1,1].
«40>» «F>» «E» « E>» = o>
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@ pi(x) has precisely k many roots
in the interval [—1,1].

o pi(1) =1 and pe(—1) = (-1)k;
pk(0) = 0 for odd k and for even
k

(@) = (-1pr L3 D)
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@ pi(x) has precisely k many roots
in the interval [—1,1].
o pi(1) =1 and pe(—1) = (-1)k;

pk(0) = 0 for odd k and for even
k

(@) = (-1pr L3 D)

@ (Rodrigues's formula)

1 d”

Pr(x) = nl27 dxn

(x* = 1)"



Properties of the Legendre polynomials

@ The Legendre polynomials are orthogonal on the

&ipiod)ihasipreciselyiidmanylroots SR e non i Sl S el il kd=2 then

in the interval [—1,1].

o pi(1) =1 and pi(—1) = (—1); ! _
pk(0) = 0 for odd k and for even 1 Pr(x)pe(x) dx = 0.
k

- ,1-3---(k—1)
pe(0) = (-1)¥ ok

@ (Rodrigues’s formula)

1 d"
nl27 dxn

p(x) = (x* = 1)"
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Properties of the Legendre polynomials

@ The Legendre polynomials are orthogonal on the

&ipiod)ihasipreciselyiidmanylroots SR e non i Sl S el il kd=2 then

in the interval [—1,1].

o pi(1) =1 and pi(—1) = (—1); ! _
pk(0) = 0 for odd k and for even 1 Pr(x)pe(x) dx = 0.
k

If you've taken linear algebra, compare to vectors in
k/2 H—(k_l) R" being orthogonal. The above integral is the dot

Pc(0) = (—1) ‘
2-4.--k product for this vector space.

@ (Rodrigues’s formula)

1 d"
nl27 dxn

p(x) = (x* = 1)"
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Properties of the Legendre polynomials

@ The Legendre polynomials are orthogonal on the

&ipiod)ihasipreciselyiidmanylroots SR e non i Sl S el il kd=2 then

in the interval [—1,1].

o pi(1) =1 and pi(—1) = (—1); ! _
pk(0) = 0 for odd k and for even 1 Pr(x)pe(x) dx = 0.
k

If you've taken linear algebra, compare to vectors in

pr(0) = (_1)k/2 H—(k_l) R" being orthogonal. The above integral is the dot
2-4---k product for this vector space.
@ Thus, the Legendre polynomials form an orthogonal
@ (Rodrigues’s formula) basis for the polynomial functions on [—1, 1].

1 dn ]
pr(x) = o dX"(X2 —-1)
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Properties of the Legendre polynomials

@ The Legendre polynomials are orthogonal on the

&ipiod)ihasipreciselyiidmanylroots SR e non i Sl S el il kd=2 then

in the interval [—1,1].

o pi(1) =1 and pi(—1) = (—1); ! _
pk(0) = 0 for odd k and for even 1 Pr(x)pe(x) dx = 0.
k

If you've taken linear algebra, compare to vectors in

pr(0) = (_1)k/2 1-3--- (k= 1). R" being orthogonal. The above integral is the dot
2-4---k product for this vector space.
@ Thus, the Legendre polynomials form an orthogonal
@ (Rodrigues’s formula) basis for the polynomial functions on [—1, 1].
1 dn e More, any differentible function on [—1,1] can be
pk(x) = —on dxn (x2 —1)" approximated with weighted sums of Legendre
' polynomials.
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