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f(t) is a function in the time domain t
(0 <t < o0). Its Laplace transform L[f] is a
function in the frequency domain s defined as:

C[(s) = /0 T f(t)e =t dt.

«40>» «F>» «E» « E>» = o>



£[o]
f(t) is a function in the time domain t
(0 <t < o0). Its Laplace transform L[f] is a
function in the frequency domain s defined as:

C[(s) = /0 T f(t)e =t dt.

Let's compute a couple examples.

«O» «<Fr» «E>» «E» = o>



£[eat]

f(t) is a function in the time domain t

(0 <t < o0). Its Laplace transform L[f] is a
function in the frequency domain s defined as:

C[(s) = /0 T f(t)e =t dt.

Let's compute a couple examples.

«O» «<Fr» «E>» «E» o>



Lle* f(t)]
f(t) is a function in the time domain t
(0 <t < o0). Its Laplace transform L[f] is a
function in the frequency domain s defined as:
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Suppose we know L[y]. Can we find L[y]?
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Suppose we know L[y]. Can we find L[y]?
[ee)
o= [ ety
0

We need to use integration by parts.
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What is lim y(x)e™ 7
X—00
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An important property of the Laplace transform

Suppose we know L[y]. Can we find L[y']?

L] = /Ooo e=5ty/ (1) dt

We need to use integration by parts.

What is lim y(x)e™>?
X—00

For the functions we've been dealing
with—polynomials, exponential functions,
sine/cosine, combinations of these—this limit
is O for all large enough s.
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An important property of the Laplace transform

What is lim y(x)e™>?
X—00

Suppose we know L[y]. Can we find L[y']? For the functions we've been dealing
with—polynomials, exponential functions,
E[y'] _ /oo e_Sty'(t)dt sine/cosine, combinations of these—this limit
is 0 for all large enough s.

We need to use integration by parts. So this simplifies to

L[y'] = sL[y] - y(0).
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We can repeat this process to compute the Laplace
transform for higher-order derivatives:

o LIy = stly] - y(0)
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We can repeat this process to compute the Laplace
transform for higher-order derivatives:
o L[y'l = sL[y] - y(0)
o L[y"] = s’L[y] — (sy(0) +y(0))
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We can repeat this process to compute the Laplace
transform for higher-order derivatives:
o L[y'l = sL[y] - y(0)
o L[y"] = s’L[y] — (sy(0) +y(0))

o L[y"] = s>LIy] - (s’y(0) + sy'(0) +y"(0))
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We can repeat this process to compute the Laplace
transform for higher-order derivatives:

o LIyl = sLly] = y(0)

o L[y"] = s*L[y] — (sy(0) +y'(0))

o L[y"]=sLly] - (s’y(0) + sy'(0) + y"(0))

o LIy™] =s"Lly]—(s" 1y (0) +---+y"1(0))



Higher-order derivatives

Since the Laplace transform is a linear
operator, we can lift this calculation to

. olynomial operator applied to y:
We can repeat this process to compute the Laplace Zelty = P 4

transform for higher-order derivatives: C Supp(ise P'IEP?) is a polynomial
/ operator. Then,
L[y'l = sL[y] — y(0
iy Wiy P L o LIP(D)y] = P(S)LlY] - Q(5),
- 3 , y @ where Q(s) is a polynomial in s
o LIy"]=sLly] - (Sy(0)+5y()+y())

depending on the coefficients of the
polynomial and the values of y and
its derivatives at 0.

o LIy =s"Lly] - (s"1y(0)+---+y""D(0))
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Higher-order derivatives

Since the Laplace transform is a linear
operator, we can lift this calculation to

. olynomial operator applied to y:
We can repeat this process to compute the Laplace Zelty = P 4

transform for higher-order derivatives: C Supp(ise P'IEP?) is a polynomial
/ operator. Then,
L[y'l = sL[y] — y(0
iy Wiy P L o LIP(D)y] = P(S)LlY] - Q(5),
- 3 , y @ where Q(s) is a polynomial in s
o LIy"]=sLly] - (Sy(0)+5y()+y())

depending on the coefficients of the
polynomial and the values of y and
its derivatives at 0.

o LIy =s"Lly] - (s"1y(0)+---+y""D(0))

In a slogan: the Laplace transform turns
differentiation into multiplication, turning
a differential equation into a polynomial
equation.
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Find the solution to 3y’ — 2y = 0 satisfying y(0) = 4.
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Using the Laplace tranform to sove diferential cquations
Find the solution to 3y’ — 2y = 0 satisfying y(0) = 4.
Hit both sides of the equation with the Laplace
transform:
(3s—2)L[y] —3-4=0
We get:

cly] = —

5
573



Using the Laplace transform to solve differential equations

Find the solution to 3y’ — 2y = 0 satisfying y(0) = 4.

Hit both sides of the equation with the Laplace
transform:

(35— 2)L[y] —3-4=0

We get:
L[ ]—74
y .-z

3
Now hit both sides with the inverse Laplace

transform:
1
— 4071 [ 2]
3 S =g
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Using the Laplace transform to solve differential equations

Find the solution to 3y’ — 2y = 0 satisfying y(0) = 4.

Hit both sides of the equation with the Laplace

transform:
(3s—2)L[y]—3-4=0
We get: 4 Consult a table of Laplace transforms to get
Lly] = ~_a°
$—3 y = 4e2t/3
Now hit both sides with the inverse Laplace
transform:
1
y=L"1 :451[ 2]
~3 ST3
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Find the solution to y’ 4+ 3y = cos(t) satisfying y(0) = 2.
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s24+1°
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Find the solution to y’ 4+ 3y = cos(t) satisfying y(0) = 2.
Hit the equation with the Laplace transform:
s
(s+3)Lly]—2=



s24+1°

Find the solution to y’ 4+ 3y = cos(t) satisfying y(0) = 2.
Hit the equation with the Laplace transform:
s
(s+3)Lly]—2=
Rearrange:

cly] = —2

S

B s+3+(52+1)(s+3)
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A more complicated example

Find the solution to y’ + 3y = cos(t) satisfying y(0) = 2.

Hit the equation with the Laplace transform:

S

(s+3LW]-2= 5

Rearrange:

2 o s
s+3  (s2+1)(s+3)

Lly] =
To take the inverse Laplace transform on the
RHS, we want to rewrite it as a sum of simpler

fractions, using partial fraction decomposition.
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A more complicated example

Find the solution to y’ + 3y = cos(t) satisfying y(0) = 2.

Hit the equation with the Laplace transform:

S

s?+1  s241 s+3
Rearrange:
2 s
Lly] = +
=3 o6+
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A more complicated example

Find the solution to y’ + 3y = cos(t) satisfying y(0) = 2.

Hit the equation with the Laplace transform:

s
(s+3)Ly]-2= 5~ cpy) — 3/A0s | 1/10  17/10
S s?4+1  s24+41 s+3
ge: Now apply the inverse Laplace transform, using
] = 2 n s a table for each piece
s+3  (s2+1)(s+3) 3 1 17
— cosx 4+ — sinx + —e 3t

To take the inverse Laplace transform on the V= 10 10 10

RHS, we want to rewrite it as a sum of simpler
fractions, using partial fraction decomposition.
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P(D)y = any™ + -+ + a1y’ + aoy = b(t),
@ Take the Laplace transform of both sides,
giving you:

y(0) =+

(ans" + - 215+ 20)Lly] — Q(s) = L[2]
=P(s)
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P(D)y = any™ + -+ + a1y’ + aoy = b(t),
@ Take the Laplace transform of both sides,
giving you:

y(0) =+

(ans" + - 215+ 20)Lly] — Q(s) = L[2]
=P(s)

@ Solve for L[y], getting:

£y £18+ Q)

P(s)
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The general template

© Take the Laplace transform of both sides,

giving you: © Use partial fraction decomposition to
rewrite the right-hand side as as sum of
(ans” + - -+ a15 + ag)L[y] — Q(s) = L[b] simple fractions. (Computers are great for
=P(s) this!)

@ Solve for L[y], getting:

L[b] + Q(s)

Ly] = P(s)
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The general template

© Take the Laplace transform of both sides,

giving you: © Use partial fraction decomposition to
rewrite the right-hand side as as sum of
(ans” + - -+ a15 + ag)L[y] — Q(s) = L[b] simple fractions. (Computers are great for
=P(s) this!)
@ Take the inverse Laplace transform of
@ Solve for L[y], getting: both sides. The LHS will simply be y, and
you can use a table to look up the value
Lly] = L[b] + Q(s) for each piece of the RHS.
P(s)
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Any ratio of polynomials ﬂ? can be written
as a sum of simple fractions, where the
denominators are powers of irreducible

polynomials and the numerators have smaller
degree than the denominators.
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Partial fraction decomposition

Any ratio of polynomials g((z) can be written
as a sum of simple fractions, where the
denominators are powers of irreducible
polynomials and the numerators have smaller
degree than the denominators.

Terms can look like:
A

s—a
A
As+ B
G-t B
As+ B
((s — a)? + p?)ntl
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Partial fraction decomposition

Any ratio of polynomials % can be written
as a sum of simple fractions, where the
denominators are powers of irreducible
polynomials and the numerators have smaller
degree than the denominators.

Terms can look like:
A

s—a
A
As+ B
G-t B
As+ B
((s — a)? + p?)ntl

K Williams (U. Hawai'i @ Manoa)

Math 302: The Laplace Transform, Il

When taking inverse Laplace transforms, these
become:

o Aedt

2 Athedt

© A linear combination of e?" cos(bt) and
e? sin(bt).

@ A linear combination of e cos(bt),

e? sin(bt), and their products by
o) (3 nng i

For all of these, it may be that a = 0 so the
exponential term is just 1.
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Find the solution to y” — 2y’ + 5y = 8e® where y(0) = 0 and y’(0) = 1.
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Find the solution to y” — 2y’ + 5y = 8e® where y(0) = 0 and y’(0) = 1.

S2L[y] — (sy(0) + y'(0)) — 2(sLly] — y(0)) + 5L[y] = %
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—S

Find the solution to y” — 2y’ + 5y = 8e® where y(0) = 0 and y’(0) = 1.
This becomes:

LIy~ (57(0) + y'(0)) ~ 2sLly] - y(0)) +5L]] =
-2 1
L= gpas T 51
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—S

-2 i 1
s2—-2s+5 s-—1

Find the solution to y” — 2y’ + 5y = 8e" where y(0) =0 and y’(0) =1
This becomes:

S2L[y] — (sy(0) + y'(0)) — 2(sLly] — y(0)) + 5L[y] = %1
Lly] =

We need to complete the square to write the
denominator in the form (s — a)? + b2



A higher order example

Find the solution to y” — 2y’ + 5y = 8e’ where y(0) =0 and y’(0) = 1.

2Ly — (sy(0) + y'(0)) — 2(sLly] — y(0)) + 5Lly] = ——

s—1
We need to complete the square to write the
This becomes: denominator in the form (s — a)2 + b?.
=G = 2 1
Lly] = s—1 3/2 .2 1
M=t £y = =1 /

(5—1)2+22_(s—1)2+22+5—1
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A higher order example

Find the solution to y” — 2y’ + 5y = 8e’ where y(0) =0 and y’(0) = 1.

$2Lly] — (sy(0) + y'(0)) — 2(sL[y] — y(0)) + 5L[y] = S_Ll

We need to complete the square to write the

This becomes: denominator in the form (s — a)? + b°.
—5—2 1

52—2s+5+s—1 Lly] = —

Lly] = (s—1) 3/2 -2 1

(5—1)2+22_(s—1)2+22+5—1

Now inverse Laplace transform:
t 3 5 =8 t
y = —e' cos(2t) + e sin(2t) + e
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Find the solution to y”" — 3y” 4+ 3y’ — y = 12e* where y(0) = y’(0) = y”(0) = 1.
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Find the solution to y”" — 3y” 4+ 3y’ — y = 12e* where y(0) = y’(0) = y”(0) = 1.
Should get y = et + 2t3et.
«40>» «F>» «E» « E>» = o>
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