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General solutions

Last time, we looked at the exponential differential equations y ′ = Ky ,
where K is a fixed constant.

The general solution is of the form y = CeKx , where C = y(0) is a
constant.

You can think of finding indefinite integrals as solving certain differential
equations.

For example, consider the differential equation y ′ = x . We solve this
by antidifferentiating the right-hand side, getting the general solution
y = x2/2 + C .
In general, the general solution to y ′ = F (x) is y = f (x) + C , where
f ′(x) = F (x).

These examples suggest a pattern, let’s call this a conjecture:

Conjecture

A first-order differential equation has infinitely many solutions, and the
general solution is given by one parameter.
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The general solution to a differential equation

Unfortunately, that conjecture is false in general.

(y ′)2 + y2 = 0

(y ′′), + y2 = 0

|y ′|+ 1 = 0

xy ′ = 1, on the interval
(−∞,∞)

(y ′ − y)(y ′ − 2y) = 0
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The general solution to a differential equation

However, the conjecture is true for a broad class of interesting differential
equations.

For many first-order differential equations, their general solution is
given by a 1-parameter family of solutions.

For many n-th-order differential equations, their general solution is
given by an n-parameter family of solutions.

Consider again the differential equation y ′ = Ky , whose general solution is
y = CeKx . Here, we know that C = y(0).

When the parameter(s) in the general solution is given in terms of
one value of the independent variable, we call them initial conditions.

For many applications, the independent variable is time t, so the
initial conditions are the state of the system at time t = 0.
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A second-order example

Let’s check that the differential equation y ′′ + y = 0 has the solution

y = A sin x + B cos x .

Let’s find the particular solution satisfying the initial conditions y(0) = 1
and y ′(0) = 1.
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