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(x+y)dx+ (x+x*/y)dy =0
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f(x,y) = x"g(y/x)

or
where g(u) is a function in one input.

A function f(x,y) in two variables x and y is homogeneous of order « if it
can be written as

f(x,y) = y°g(x/y),
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Homogeneous functions

A function f(x, y) in two variables x and y is homogeneous of order « if it
can be written as

f(x,y)=x%(y/x) or  f(x,y)=y"8(x/y),

where g(u) is a function in one input.

@ Homogeneous, meaning “of the same type”, is one of the most
overused words in mathematics.

@ And it's probably not clear why a function like this would be called
homogenous.
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Homogeneous functions

A function f(x, y) in two variables x and y is homogeneous of order « if it

can be written as
f(x,y)=x%(y/x) or  f(x,y)=y"8(x/y),

where g(u) is a function in one input.

@ Homogeneous, meaning “of the same type”, is one of the most
overused words in mathematics.

@ And it's probably not clear why a function like this would be called
homogenous.

@ Here's an equivalent definition:

f(x,y) is homogenous of order « if for any real number \ we have
f(Ax, Ay) = A4f(x,y).

That is, if you scale the inputs by a constant, then you scale the output by

a power of that constant.
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f(x,y) =x%g(y/x) versus

F(Ax, Ay) = A% (x,y)
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a(x, y) = xy is homogeneous of order 2.

o If x and y are the side lengths of a rectangle, then the area
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Examples of homogeneous functions

@ If x and y are the side lengths of a rectangle, then the area
a(x,y) = xy is homogeneous of order 2.

@ The volume v(r, h) = %r2h of a cone with base radius r and height h
is homogenous of order 3.
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Examples of homogeneous functions

@ If x and y are the side lengths of a rectangle, then the area
a(x,y) = xy is homogeneous of order 2.

@ The volume v(r, h) = %r2h of a cone with base radius r and height h
is homogenous of order 3.

@ The Euclidean length function d(x,y) = y/x2 + y? is homogeneous
of order 1.
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Examples of homogeneous functions

If x and y are the side lengths of a rectangle, then the area
a(x,y) = xy is homogeneous of order 2.

@ The volume v(r, h) = %r2h of a cone with base radius r and height h
is homogenous of order 3.

@ The Euclidean length function d(x,y) = y/x2 + y? is homogeneous
of order 1.

@ Any linear function ¢(x,y) = ax + by is homogenous of order 1.
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Examples of homogeneous functions

If x and y are the side lengths of a rectangle, then the area
a(x,y) = xy is homogeneous of order 2.

@ The volume v(r, h) = %r2h of a cone with base radius r and height h
is homogenous of order 3.

@ The Euclidean length function d(x,y) = y/x2 + y? is homogeneous
of order 1.

@ Any linear function ¢(x,y) = ax + by is homogenous of order 1.
e A monomial x?y® is homogenous of order a + b.

@ More generally, any sum of monomials of the same degree « is
homogeneous of order a.
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Differential equations with homogenous coefficients

A differential equation of the form

P(x,y)dy + Q(x,y)dx =0

has homogenous coefficients if P(x,y) and Q(x,y) are homogenous of the
same order.
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Differential equations with homogenous coefficients

A differential equation of the form
P(x,y)dy + Q(x,y)dx =0

has homogenous coefficients if P(x,y) and Q(x,y) are homogenous of the
same order.

o If a differential equation has homogenous coefficients, then we can
solve it by doing a substitution to turn it into a separable differential
equation.

@ Namely, use the substitution
u==, y = ux, dy = udx + xdu
or, alternatively, the substitution

u=—, X = uy, dx = udy + ydu.
y
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xy’ —y —xsin(y/x) =0
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